A result on the existence and smoothness of solutions for temperature -coupled Bingham problems in non-smooth bounded 2D-domains is proved, which complements the results of G. Duvaut and J. L. Lions [3] on this subject.
Introduction
Bingham fluids are usable in various technical and technological directions. For example coating processes may be considered as flows of Bingham fluids. Beside zones of viscous flow there exist so-called "plugs", that means zones where the derivative of the velocity vanishes.
Moreover, the boundary value problems arising from technical processes should be considered with changing types of boundary conditions. For example gas heated melting processes need three types of boundary conditions for the velocity: condition of adherence for solid walls, slip-conditions for uncovered fluid surfaces and conditions for in/out-stream surfaces.
Unlike the well-known existence results of C. Duvaut and J.L. Lions (cf.(3, 41) the coupling between temperature and velocity by convection will be considered here. Whereas convection is essentially, the energy transport by radiation and convection of mass is negligible and the fluid flow may be regarded as stationary in many cases (e.g. the flow of liquids). Beyond this the material constants heat capacity and viscosity are considered to be temperature-dependend and -in a sence -unbounded.
The differences between the model considered here and that stated in 13, 4, 22, 231 are implying modified techniques for proving an existence result for the corresponding boundary value problem. Although the general scheme:
• proving an existence and uniqueness result for an -in a sence -linearized boundary value problem using variational inequality techniques • proving an a priori estimate for the original non-linear problem • using a fixed point theorem to prove the existence of a solution for the original non-linear problem is used in our proof too, there are some differences. Caused by the models for heat capacity and viscosity as well as the temperature coupling by convection the space W"2 may not be used for fixed point considerations. Thus we need some regularity results for the "linearized" problem and therefore some results on isomorphisms for the Stokes as well as the Poisson problem in case of non-smooth boundary data. Moreover the proof of the a priori estimate is quite different to that used in the literature cited above.
Notations and definitions
Let 11 C 1W' be a bounded domain with a C°'-boundary 8ft In the following we denote by D, the partial derivative with respect to the i-th coordinate. The flow of a Bingham fluid is assumed to be incompressible, viscous and buoyant. Here we are especially interested in temperature-coupled flow. Thus the flow is described by velocity, pressure and temperature. For this the preservation of mass, momentum and energy results in the following differential equations in the domain l ( D, denotes the partial derivative with respect to the i-th coordinate): In this paper we prove a theorem on the existence of a solution for the following special case of the problem written above -usually called Bingham fluid: The stress tensor a' is defined by the equations a-,(t,u,p) =-p&, + &ij
where r is a non-negative number. In the latter case we require &,,(u) 15 r and ö,(u) = &,,(u). Above we have used the abbreviations
and
It should be remarked that in this case the boundary conditions at R3 get the form
Usually the vector of boundary stresses S(t9,u) = nô'(t9,u) is used and hence the boundary conditions at R2 and R3 may be reformulated; we get
Sg(t,U) 3
W2i and p -S (t9 , u )I p,, = ço,,.
The non-smoothness of the boundary is described in the following way: For the set 81 there exists a disjunct partition into subsets F 1 ,... , F,r such that 81 = U 1 l', the subsets I', are sufficiently smooth and for every j E { 1,. .. , N] there exists a unique i E {l,2,3} with F, C R and a( . ) ao > 0 on r, or a( . ) 0 on F,. The partition {r1 ,.. . , F} is assumed to be maximal in the following sence: if we enlarge any set I', (j = 1,. .. , N) this set violates one of the last conditions. The points where the kind of the boundary conditions for the temperature or the velocity changes as well as the points where the boundary 811 is non-smooth are of special interest; these are denoted by C), (j = 1,... , N). This way we get M = {O,.. . ,Oq} = { x €011: 3i 54 j E (1,... ,N} with x = r1nr,}, the set of all singular boundary points of problem (1), (2) . By wj we denote the (inner) apex angle of 11 at the singular point 0, (j = 1,. .. , N) and for some sufficiently small e > 0 and each point 0, of the set M we define a weight function p,,
Ix -O,I
for Ix-0,I <c/2 E for Ix-0,I>, which near C), reflects the distance between x and the singular point 0,. Apart from we assume this function to be sufficiently smooth. Later on we use the infinite cone K c ff 2 with vertex at zero and apex angle w 0 as a model domain to describe non-smoothness in 1R2-domains.
For the following considerations we need a number of function spaces. As usual the classical Sobolev spaces are denoted by Wa(1l), a "J'(1), WI -P (M) (1 < p :5 00,8 E JR). Besides this we need so-called weighted Sobolev spaces to describe the regularity of solutions for boundary value problems in case of non-smooth boundary data. 
(4)
Obviously N is the cardinality of M. Similar, 1 (11, M) is the closure of C°() with respect to the norm (4). After that, weighted Sobolev spaces with negative order of derivation, i.e. for 1 E Z with I < 0, and trace spaces of weighted Sobolev type may be defined by duality and as factor spaces, respectively, as this is known from the classical Sobolev spaces. The analoga of the above defined spaces for the infinite cone K are built in a similar way using C(K, x€,) instead of Coo (fl, M) and Q(x) = Ixinstead of the functions p,. For further information on this topic see, e.g., 112, 13, 141. In this context it should be pointed out that we often use the notation E instead of E(Q) to describe a function space on Il. For the norm of an element x E E we write synonymously II x I E( 1)D = li x iE ll = liril . Moreover, for E we use the abbreviation instead of E x E.
For technical and physical reasons we make use of the following, basic Remark 1: (1) The condition unir. > 0 means ra n R3 = 0, (z) ^! 0 for x E r. n R1 and ço20(x) ^! 0 for z € ran R2. This means especially that at in/out-stream surfaces , which are part of R3 , we must have a Dirichiet boundary condition for the temperature. In practice we have usually UftIR,UR, 0.
(ii) The boundary conditions on R2 describe the circumstances on an uncovered fluid surface and those on R3 mean that an area force is acting.
(iii) The positivity of b/a on r5 is equivalent to the fact that the heat flux is directed from wanner to colder materials.
(iv) The condition Ic(z)I < CoI b(x)I on 1', especially may be interpreted as follows: Constant heating or cooling through the walls is impossible if these are completely isolated, i.e. if the coefficient b is equal to zero and a is positive.
(v) The assumption that k vanishes whenever R3 is non-empty is a technical one; otherwise a proof of existence for problem (1), (2) seems to be impossible.
(vi) Assumptions (i) -(iii) above signify especially that either the medium inflow is free of sour ces a n d s i n k s o f h e a t o r t h e h e a t c a p a c i t y i s e v e r y w h e r e b o u n d e d a n d s t r i c t l y p o s i t i v e . (vii) For heat capacity and viscosity the models v(6) = exp( -a1 6 + 52) and c(6) = exp(b i t9 + b3) with some a,, b1 E R.* and &2 , b2 E JR are used in rheology.
Isomorphisms for the Stokes problem in non-smooth bounded domains
Because the results in this section are technical generalizations of well-known results we give only an outline of the considerations and omit the proofs. For details we refer to the conscious presentation of the material in case of elliptic operators (especially the Laplacian) in 1141 and to author's thesis 191.
As pointed out in the introduction regularity results for some related Stokes problems are essentially for the proof of the existence of a solution for problem (1) ,(2). In the following let us consider the Stokes problem 
The problems -denoted by (7), (8) - (7),(1 1) later on -are defined in the two-dimensional infinite cone K with vertex at zero, angle w,, and sides (8K) (i = 1,2). By S°(u) we have denoted the boundary stress vector ° = (( o (D1u1 + D1u1))...1) for the reduced problem.
Remark 3:
Beside the four cases of boundary conditions above noted, there exist two other combinations which are out of physical interest. But they can be treated in the same manner.
Considering the model problems (7), (8) - (7), (11) (7), (8) - (7), (11) 
A sin 2w0 -sinh2A 0 = 0
A sin 2w0 +sinh2Aw0 =0 (A0)
for problem (7) , (8) ,
for problem (7), (9) , for problem (7), (10) and
for problem (7), (11) .
Moreover, for 1 < q < oo, 11 ^! 1, fli E JR with h 1 = -11 -2 + 2/q 1 < h = ,6-1-2+21q and € U"(K)flU,"(K) one conclude that the solution of any of the problems (7), (8)- (7), (11) is an element of i.42
is free of solutions of the ' corresponding one of the equations (12)-(15).
Using duality and interpolation arguments -this way generalizing results of G. Wildeñhain 1261 and J. Rossinazm 1241 -we get moreover --. An outline of the proof in case of Dirichiet's problem for the Laplace operator is given in 1141. For an exact proof see author's thesis (9) .
Summing up the results for the model problem in cones and the general AgmonDouglis-Nirenberg results for elliptic boundary value problems in domains with smooth boundary data (see [11) we may state the following theorem on Fredholm properties for the Stokes operator on corner domains in JR2. Up to now we have considered the Stokes problem (5) in weighted Sobolev spaces. In difference to the classical ones the elements of these spaces must vanish at the singular boundary points by definition. On the basis of the considerations of P.Grisvard 161 we try to answer wether a generalization of the regularity results to the case of classical Sobolev spaces is possible or not. In keeping with the scope of this paper we restrict our consideration to the case of spaces with first order of derivation and slimming exponents q ^! 2. A generalization to other cases is possible, but this involves some technical difficulties, which are avoidable here. To get an idea what we have to do, we assume that the right-hand sides of (5) are sums of a W'-and a %7_pact, i.e. The existence of u is proved by using P. Grisvard's trace and continuation theorems for Sobolev spaces on domains with singular boundary points (cf. 16 
if at C), a Dirichiet condition and a condition of type 112 intersect and Wj is an integral multiple of ir/2.
(ii) The right-hand sides of (16) should fulfil the equation
if at 0, a Dirichiet condition and a condition of type R3 intersect and w3 is an integral multiple of 7r/2.
(iii) The right-hand sides of (16) should fulfill the equation It is easily seen that the above written variational inequality has a unique solution in the spare W. The proof is based on the existence result for variational inequalities with pseudo-monotone operators given in (16] (cf. also 13 , 23] 
We use the regularity results for weak solutions of Stokes problems with changing types of boundary conditions in non-smooth bounded domains given in Section 3 to describe the regularity of the solutions of (21) . Recalling the inequality (21.a) we substitute there ±)v for v with \ > 0. 'Alen \ tends to zero we get the system By another point of view we define formally an operator where C( . ) is a constant depending on the norm of 8 but not on r. This may be proved in two steps. First we deduce this inequality for q = 2 from the inequality of coercivity for a(u,v), where we use the monotomcity of 'I" on fl 1, 2 (1l) to prove the coercivity The assertion of Lemma 11 is a generalization of other well-known statements of the weak maximum principle (see, e.g., ( 5 , 15] ). An exact prove is given in author's thesis 19 , Section 5.5].
Remark 12: if condition (v)(c) of Leznnia 11 holds the assumption (ii) may be shipped, if we assume that the function c/a defined on 1' may be extended to an element of W 1122 (arZ). We get in this case the maximum principle where k is a function possibly depending on x E 8f but not on t9. For this we state 
Proof:
The operator is pseudo-monotone. Moreover, any weak solution of (28) fulfils an a priori estimate. This is seen by using Lemma 11 and the inequality jvt(DM6dx+j 102 ds > _jIvnIt2dS
(The coercivity of the principle part of the operator E is obvious) Hence the main theorem on pseudo-monotone operators (cf. [271) ensures the existence of a weak solution of problem (28). Using the assertion of Lemma 11 once again we conclude the uniqueness of the solution I
In connection with the consideration of the Bingham equation for a fixed temperature (cf. Section 4) we have assumed that 0 € L,,(12). Therefore we state now a result on the regularity of the weak solution of problem (28).
To this end we need some information on the data of the boundary value problem near a corner. The general theory on elliptic problems in non-smooth bounded domains results that the following numbers are characteristic with respect to the regularity of the solution near a singular boundary point (cf. The proof of the last assertion is a direct consequence of V.A. Kondratiev's and P. Grisvard's regularity theory (cf. 16, 10, 141)
Remark 15: It is easily seen that for every boundary configuration there exists a number i> 1 fulfilling the assumptions of Proposition 14. We may choose I = 2 if the inner apex angles at the singular boundary points are less than (i) r for two intersecting Dirichiet or Newton conditions at 0, and (ii) r/2 if at 0, a Newton and a Dirichiet condition intersect.
A priori estimates for the solutions of the non-linear problem (1),(2)
In this section we proof the following 
The space H'-9 (0) is defined in (25).
Proof: First we remark that, because of the weak maximum principle (cf. Lemma 11), we have a universal bound in the L,,.-norm for the t -component of the solution.
This we use secondly to prove an a priori estimate for the velocity components of the solution in terms of W"2-norms. As (11) and any coefficient R. Therein the constant C is independent of.
Proof: Near smooth parts of the boundary we use E. Hopf's function (cf. 125, p.1751), which describes the distance between a point of Il and the boundary in a smooth way, and R. Temain's [25] construction of vectors homogenizing the boundary conditions of Navier-Stokes problems.
Near non-smooth parts of the boundary we define a function analogous to E. Hopf's using polar-coordinates (r, w) . Therefore once again we use the standard cone K with apex angle w0 defined in Section 2. The function in request should only depend on u. We split the interval 10, wj into five sub-intervals symmetrically. In the outer of this intervals the function is required to be equal to one, in the inner sub-interval we demand to be equal to zero and in the intermediate intervals we interpolate between zero and one smoothly. To be more precise; the function is defined by Inserting this homogenizing function in (27) for the case that too is a continuation of the function -c/b defined on r0 and using the weak maximum principle (cf. Lemma 11) we may proof an a priori estimate in W' 2 for the temperature component in the usual way. The strong monotonicity of the principle part of the respective variational equation is obvious and the assumption u.1r. 2 0 together with div u = 0 ensure that J0 u(D1t)6 dx is positive. In the case u,, 0 on r. we use the weak maximum principle for t to get an a priori estimate in W 1.2 for u, which is independent of 0. This estimate may be used to prove an estimate for t9 in terms of the W' 2-norm, which only depends on the L,,.-bound for t, the geometry of SI and the right-hand sides of the equations.
After that we use the estimates for t9 and u and a result of K. Gröger 17 , Theorem 1] to improve the a priori estimate for t9 as follows: The proof of Theorem 16 is done I
Proof of the solubility of non-linear temperature-coupled Bingham problems
For problem (1), (2) We restrict the estimation to the first four summands of the right-hand side of the last inequality; the other one may be managed in a similar way.
(i) The first term may be estimated using Holder's inequality, that means 
!tI
There we have used the imbeddings W"' L1 for = -and W 1 (Q) -L.
Summing up the estimates (i)-(iv) and the analogous ones for the other terms of (30) we get if n > n0 (6) and € < €0 ( 6) . The uniqueness of limes in )) shows that S(x) = y I We define a homotopy S, by S7(u) = B(u) = B(u,'y . u) and choose the set = In E X : II uI X II < 2C}, where C is the constant for which we have proved the a priori estimate in Theorem 16. Above we have proved the existence, uniqueness and regularity of weak solutions for the energy equation with fixed velocity and for the Bingham problem with fixed temperature. In the case -y = 0 the operator S 7 defines an uncoupled problem and we conclude therefore the unique solubility for the equation So(u) = y and the regularity of its solution for every y E Y.
The properties just proved for the couple (S, S7 , B, B 
